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Setting for chores
® Set of n agents N

Indivisible chores M = {cy,...,cm}
Agent i has disutility d;j(c) > 0 for chore c.
Additivity: di(S) = > s di(c) for all S C M.

Fairness notions

ceS

® Proportionality: Each agent gets at most 1/n of total disutility

¢ Maximin share (MMS): “If | divide the chores into n bundles and choose last, what is
the best bundle | can guarantee myself?”

MMS; :=  min  maxd;(X;)
(X1,...,Xn)€N jE[n]

® An allocation is MMS if d;(X;) < MMS; for all agents i.
® Does not always exist when n >3
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Two-chore-type instances

e Chore set M = AU B (“Type A" vs “Type B")
® ccA— d,'(C):Oé,'ER>0
® ccB — d,'(C):B,'ER>0

(5] (@) C3 Cy Cy
agentl | an a1 a1 B1 B
agent2 | ax ax ax [ [
agent3 | a3 a3 a3z B3 O3

Any two-chore-type fair division instance can be succinctly defined as
7 = (a,b,N)
where a:= |A|,b := |B|, and N is the agent set.
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Contributions

[X]: does not exist, [g]: exists for goods, [c]: exists for chores, [?]: open
additive [ X]

/\

ersonalised
Eivalued 21 factored [c]

(el el factored [g,c]
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Contributions

[X]: does not exist, [g]: exists for goods, [c]: exists for chores, [?]: open
additive [ X]

/\

ersonalised
Eivalued 21 factored [c]

(el el factored [g,c]

Using a geometric perspective from job scheduling, we show existence + polytime

algorithm for MMS when there are two types of chores (or goods/mixed).
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Connection to job scheduling

Recall that

MMS; := min maxd;(Xj)
(Xi)ien JEN

® Job scheduling: Given set of processors + jobs with processing times, find the
schedule with the minimum makespan.

® |dentical valuations = MMS allocation problem = makespan minimization

¢ Polynomial time if there are only two job lengths (McCormick et al. [SODA'97])
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Geometric setting

Define L; to be the line ajx + B;y = MMS;. Consider feasible fractional bundles
Ri:={(x,y) € Rzzo L aix + Biy < MMS;}.

Ly

Lo
Py ,
3

X

Instance with n = 3 Shaded is IH; = conv(R; N Z?)

“Feasibility point”: Pz := (%,%
Integer hull: /H; .= conv(R,NZ
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Geometric setting

Observation 1: Any integral allocation {(x1,y1),. .., (Xn, ¥n)} must correspond to a polygon with
centroid Pz = (2, 2).

Observation 2: Pz € NienlH;

y y

Ly

Ly
Py
L3

X

Instance with n =3 Shaded is IH; = conv(R; N Z?)

New Objective: Find (x1,y1) € RiN 72, ..., (Xny ¥n) € Ry N 72 with centroid Pz.
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Geometric setting

Lemma (McCormick et al., 1997)
Suppose Pz = (2,2) € IH;. Then

n’n

® Pz lies in some unimodular (area 1/2) triangle AABC with vertices in R; N Z2

® There are integral multiplicities ny + ny + n3 = n such that niA+ naB + n3C = (a, b)

and this triangle can be found in polynomial time.

— Each agent has an MMS allocation (for
themselves) which uses at most three different
types of bundles
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Algorithm (Sketch)

Idea: The algorithm works recursively.
e Start with Pz € NijenlH;
¢ Find MMS-feasible bundles (from a

well-chosen agent’'s MMS triangle) to assign
to some agents

® Show that Pz € Njepnr IH;.

#Type A

Figure: Example of easy case

#Type B
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Conclusion

® Extends to goods, or one objective
good + one objective chore

® Does not extend easily to > 2 types:
Pz may not necessarily lie within some
unimodular lattice simplex under the
hyperplane L;.

¢ Future work:

® “Two-type" valuation curves
di(x,y) := f(x,y) more general than
additive?

® Insight from more special cases in job
scheduling literature?
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Thank youl!
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Proof (Case 1)

Case 1: Some agent j € N has a feasible bundle X “top-right” of Pz

Assign X to agent j. For remaining instance 7,
Pr = (220 o=rX)y il lie “bottom-left” of Pr.
Recall Pz € Njen!H;.

Hence Pz € Nje\ (3 H; (see green rectangle),

we can recurse.

y(Pz)
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Proof (Case 1)

Case 1: Some agent j € N has a feasible bundle X “top-right” of Pz

y

Assign X to agent j. For remaining instance 7, ! X
Pr = (22X by i Jie b left” of P |

= (=17, —or ) will lie "bottom-left” of Pr. P!

Y(Pr) e GREEEEEEELEEEE
Pz
Recall Pz € Njen!H;. 1
Hence Pz € Nje\ (3 H; (see green rectangle),
we can recurse.
3 .
0 x(Pz)

From now we may assume that no agent has a feasible bundle

“top-right” of Pz.
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Let v; be the value of y so that «; - x(Pz) + 3; - v = MMS;
Let h; be the value of x so that a; - x+ ;- y(Pz) = MMS;.

Define a partial order < on N so that for i,j € N,

Ij_j<:> v,-gvjandh,-ghj.

Fix i € N to be a minimal agent under <.
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Define “steep” agents S:={j € N\ {i}: % < By “gentle” agents G :={j € N\ {i}: % > %}

=

y y

Observation: For all j € S, R C R", and for all k € G, RPe'*" C Rpelov.
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Proof (Case 2)

Observation: For all j € S, R C R, and for all k € G, RPelo™ C Rpelov.

Case 2: Let AABC be the MMS triangle for agent i with multiplicities nga + ng + n¢c = n.
WLOG let B be “top-left” of Pz, C be “bottom-right” of Pz, and A lies under BC.

A A
By Observation, bundles B are feasible for agents in S and bundles C are feasible for

agents in G.
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Proof (Case 2a)

Case 2a: ng > |S|. Assign each agent in S the bundle B.

X

(a) ¥(A) < y(Pz). Red point is Pz. Pzs lies on
PzZ where Z is on AC.

S X
x(Pz)  x(C)

(b) ¥(A) > y(Pz). Red point is Pz. Pz lies within
region bounded by (x(Pz),0), Pz, C,(x(C),0).)

In either case, Pz € ﬂjeN\slHj by convexity, and we can recurse. 19/24



Proof (Case 2b)

Case 2b: nc > |G]|.
Assign each agent in G the bundle C. Proof is symmetric to Case 2a.
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Proof (Case 2c)

Case 2c: ng < |S],nc < |G| and A lies “bottom-left” of Pz.
Assign all bundles B to agents in S, all bundles C to agents in G, and all bundles A to

the remaining agents.
y

Y(Pr)f-----mm---

X

[0,
Since A is “bottom-left” of Pz it is feasible for any agent
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Proof (Case 2d)

Case 2d: ng < |S|,nc < |G| and A lies “top-left” of Pz.

Assign all ng bundles B to agents in S, and |S| — ng
copies of A to remaining agents in S.

Let Q := % be weighted centroid after

removing bundles B. Q lies along AC.
Pz: must lie along QC, within green region.




Proof (Case 2e)

Case 2e: ng < |S|,nc < |G| and A lies “bottom-right” of Pr.
Assign all n¢ bundles C to agents in G, and |G| — nc copies of A to the remaining agents
in G. Proof is symmetric to Case 2d. O

Hence, in all cases, we are able to assign feasible bundles to some subset of agents and
recurse without increasing any agents’ MMS, so an MMS allocation exists by induction.
The allocation procedure can be done in polynomial time.
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